
Decidable Subtyping for Path 
Dependent Types

A/Prof Alex Potanin



Decidability of Subtyping
interface Equatable<T extends Object> { }

interface List<T extends Object>
extends Equatable <List <? extends Equatable <? super T>>> { }

class ArrayList <T extends Object> implements List<T> { }
class Tree extends ArrayList <Tree> { }

public class Function {
public void func(Equatable<? super Tree> e) { }
public static void main(String[] aaaaargh) {

Tree t = new Tree(); Function f = new Function();
f.func(t); // what do you think would happen here?

}
}

Note the 
contravariance!

Note the 
contravariance!
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Shapes and Materials

• Shapes: classes that facilitate cycles in the 
inheritance hierarchy.

• Materials: types of concrete objects and may be 
freely used as normal.

• Shapes are restricted from use in class type 
parameters.

• Java corpus study confirmed that this aligns with 
what programmers already do intuitively.
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Path Dependent Types

type 

val p = {
val f = ...
def fn(...) = ...
type T = ...

}

p.T

path
type identifier
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Example: Sets
val flight = new Set{

type Elem = ANAPassenger
def checkin = insert
...

}

trait Set{ this =>
type Elem
def insert(e : this.Elem) : Unit

}

flight.checkin(alex)

flight.checkin(AeroflotPassenger)



Rich Expressiveness of Path 
Dependent Types

• Generics
• Bounded Polymorphism
• Nominality
• Family Polymorphism
• Modules
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Example: Set Equality
trait Eq{ self =>

type E >: bot
def equals : E -> bool

}

trait Set extends Eq{ self =>
type Elem
type E >:

Set{type Elem <: Eq{type E >: self.Elem}}
}

Equality of sets is extensional:

S = U iff S ⊆ U and S ⊇ U



Example: Set Equality … trees as 
nested sets class Tree extends Set{

type Elem = Tree
...

}

trait Eq{ self =>
type E >: bot
def equals : E -> bool

}

trait Set extends Eq{ self =>
type Elem
type E >:

Set{type Elem <: Eq{type E >: self.Elem}}
}
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Julian Mackay’s PhD Thesis

• Path Dependent Types are 
central to Scala (and 
Wyvern)

• 15 years of formalising the 
foundations resulted in 
Dependent Object Types 
(DOT) calculi only recently 
proven to be sound

• Subtyping remained 
undecidable until 2019…



Julian Mackay’s PhD Thesis
Three Decidable Variants:

1. Wyvfix – fixes types to the 
contexts they are defined in, 
thus eliminating expansive 
environments

2. Wyvnon-μ – removes recursive 
subtyping, thus removing the 
key source of expansive 
environments during 
subtyping

3. Wyvμ – places syntactic 
restriction of the usage of 
recursive types

POPL 2020



Formalising Path Dependent Types



Formalising Path Dependent Types



Formalising Path Dependent Types



Type Refinements



Parametric Polymorphism

Method Parameters would result in too much 
boilerplate code, especially if many types.



Nominality
The upper bound effectively 

makes List nominal



Transitivity

“Syntax directed” rather than 
general transitivity as inspired 

by Kernel F<:



Subsumption

Explicit 
subsumption



Single Bounds
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Wyvcore

environment narrowing

contravariance

environment narrowing
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Undecidability of System F<:
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Core Issues with Wyvcore

recursive types

contravariance environment narrowing

environment narrowing



Recursive Types

Need to refer to 
self.E!

Family 
Polymorphism



Contravariance

Writable 
datatypes!



Environment Narrowing

• Required in the subtyping of both universally 
quantified and recursive types (S-ALL and S-
RFN before)…

• Environments are narrowed when evaluating 
functions, requiring well-formedness to be 
maintained in the presence of a narrower 
type…

WHAT IF WE DO NOT NARROW ENVIRONMENT???



Decidable Wyvern 1: Wyvfix

a.k.a. “Doubleheaded Subtyping”

WHAT IF WE WANT TYPE SOUNDNESS/SAFETY???



Decidable Wyvern 2: Wyvnon-μ

No Recursive Types!!!

WHAT ABOUT THAT SHAPE/MATERIAL STUFF???



Adding Nominality to Wyvcore



Adding Nominality to Wyvcore



Decidability with Type Graphs



Material/Shape Separated Wyvcore



Decidable Wyvern 3: Wyvμ



Future Work

• Type Safety for Wyvfix

• Transitivity
• Intersection and Union Types
• Decidable Scala?


